In this paper, we have studied bi-gravity theory in a very specific limit where we focused only on one degree of freedom generated by the massive graviton. We have analyzed the model in the context of cosmology and demonstrated that the model can give rise to late time cosmic acceleration as an attractor of the dynamical system. However, the observational constraints due to tensor perturbations are stringent giving rise to large fine tuning.
I. INTRODUCTION
Since the first days of General Relativity (GR), alternatives to the standard model in gravity have been proposed; the last century has been very prolific and creative in model building. Some of the models have been introduced by fundamental considerations such as the renormalization of GR or the hierarchy problem whereas the others have been motivated by phenomenological arguments from cosmology such as origin of the accelerated expansion of the universe. Far from purely theoretical challenge to construct a consistent theory beyond GR, these frameworks have been essential for the check of consistency of all assumptions behind the theory of GR. For example, alternative theories such as Brans-Dicke [1] model played a primary role in the elaboration of new experiments which ironically led to the demise of such theories. With the same ambition, modern alternatives to the standard model challenge GR and therefore all the fundamental assumptions behind Einstein's theory. In fact, according to the Lovelock theorem [2] , which assumes 4 postulates , the theory of GR is a unique consistent metric theory of gravity. Any modification of gravity challenges therefore one or many of these assumptions which are 1-the theory is defined by a unique field, the metric, 2-the theory is defined in 4 dimensions, 3-the theory is defined by a second order differential equation, 4-the theory is invariant under diffeomorphism. Massive gravity, (for a review see [3] ) as an alternative to GR, breaks one of the fundamental ideas behind this uniqueness theorem, the invariance under the symmetry group by considering a mass term to one of the fundamental particles in physics; the graviton. This mass could arise from a Higgs mechanism even though a consistent implementation of this process is unknown. So far, the mass has been added by hand. At the linear order, the theory * radouane.gannouji@pucv.cl † wali.hossain@apctp.org ‡ nurjaman@ctp-jamia.res.in § samijamia@gmail.com developed by Fierz and Pauli in 1939[4] is well defined and doesn't suffer from fundamental problems until we couple the theory to matter. In fact, a massive spin-2 field carries 5 degrees of freedom such that the coupling of the longitudinal mode is not suppressed even in the decoupling limit and gives a theory different from GR. The solution to this problem was provided by Vainshtein [5] by including non-linear effects that wakes up the sixth degree which is a ghost. This cumbersome construction found finally few solutions by either considering a model of soft massive gravity (à la DGP) [6] where the graviton has no single massive pole or by considering a very specific "potential" to the theory known as dRGT massive gravity [7, 8] . Unfortunately, this ghost free theory of massive gravity failed to provide a standard cosmology [8, 9] . Also it is not clear why the theory should be defined over a fixed Minkowsky spacetime. Following this development, first some new background metrics were proposed such as de Sitter space time [10] and therefore implicitly pointing out the problem in the freedom to choose a fixed reference space time. In this context, bigravity where the reference metric acquires a dynamics became a new theory to be explore. This new framework introduced in [11] became rapidly very popular but if one assumes it as a good candidate of dark energy(for a review see [12] ), one requires the mass term in the theory to be of the order of the Hubble rate today (H 0 ). However this would imply a gradient instability during radiation era [13] . Therefore making us forced to take a large mass of the graviton (m ≫ H 0 ) which either would make the theory indistinguishable from GR at low energy or inconsistent with local tests because the Vainshtein mechanism would be insufficient to suppress the modification. In this context, it was proposed [14] to add to the Vainshtein effect, a chameleon mechanism by promoting the mass term to a function that allows for the mass of the massive graviton to be environment dependent.
In this framework, one always deals with a particular degree of freedom, a scalar field which couples to matter and provides strong information of the viability of the theory, for instance, in the decoupling limit or the construction of Galileon theory by the brane bending mode.
In this context, we propose to study a particular case, which is a sub-category of the extended massive gravity proposed in [14] where the two metrics are related to each other by a disformal transformation 1 . We will show that the theory will reduce to the quartic DBI Galileon which has been first introduced through extra dimensions [15] and therefore connecting brane models with the presence of Gauss-Bonnet to bi-gravity in 4D in a "disformal limit". Finally we will study the cosmology of the model.
The structure of this paper is as follows. In Sec. II we describe the scenario under consideration. In Sec. III we study the cosmological dynamics and checked the stability of the system at the fixed points through dynamical system analysis. In Sec. IV we study the tensor perturbations and compared the model with recent observational bounds on the gravitational wave speed. In Sec. V we modify our system to a general set-up of φ dependent β with addition of canonical kinetic term for it and briefly discuss the its cosmology. Finally we conclude in Sec. VI.
where φ µ ≡ ∂ µ φ = ∇ µ φ. From which we can find easily the relations
where
where φ αβ ≡ ∇ β ∇ α φ, X = − 1 2 φ µ φ µ and we use the metric g µν to lower and upper the indices. Here we can say that β i can be regarded as function of the same scalar field as φ in the disformal relation (7), without loss of generality. From Eqs. (8) and (11) we can see that the dynamics of the field will not come from a standard kinetic term but from R[f ] and the potentials
It is also possible to identify the scalar longitudinal graviton mode φ, with a standard canonical degree of freedom by adding an kinetic term to the action (1) as done in [14] . However we briefly discuss this scenario in Sec. V where we have shown its cosmological behavior Now the action for the metric f , follows from the above and after some integration by parts, becomes
with
which reduces to a class of Horndeski theory [16] and a form of higher dimensional gravity theories [15] , the quartic Galileon [17, 18] . Therefore the full action becomes
where we define
The action (17) can be easily generalized by performing a transformation f µν = A(φ)g µν + B(φ)φ µ φ ν on it.
In the limit X ≪ 1, the action becomes (23) from which we decide to define Planck mass as
III. COSMOLOGY
A. Field equations
In order to incorporate the above theory in cosmological framework we have to introduce the matter and radiation sector in the action (1) and we assume here β is independent of φ. Next, we consider a flat FriedmannLemaître-Robertson-Walker (FLRW) metric of the form
where t is the cosmic time and x i are the comoving spatial coordinates, N (t) is the lapse function, and a(t) is the scale factor. In FLRW geometry, φ becomes a function of t only and thus X = 1 2φ
To calculate the field equations we start with action (1) including the matter action and vary it with respect to (w.r.t) N (t) and a(t) respectively, and set N = 1, we obtain the Friedmann and Raychaudhuri equations respectively as
where ρ m and ρ r are the matter and radiation energy densities. ρ φ and p φ are the energy density and pressure of the scalar field which are given by
Notice that with this definition, we have in FLRW background
and therefore β + γ plays the same role as a cosmological constant in the limit X ≪ 1. Also From Eq. (28) and (29) one can see that in the absence of R[f ], we have ΛCDM model iff β 1 + 3β 2 + 3β 3 + β 4 = 0 (γ = 0). The equation of motion of the scalar field is obtained by varying the action w.r.t the scalar field φ and is given by
B. Dynamical System and fixed point analysis
To obtain a dynamical system, we define the following dimensionless parameters
Using the dimensionless parameters x and y we can define fractional energy density for the scalar field
where σ = γ/β. Also from Eq. (26) we have Ω m + Ω r + Ω φ = 1. So we can form a dynamical sysytem with three variables among the five variables defined in the Eqs. (34)-(38). We choose the first three variables (Eqs. (34)- (36)). The dynamical system is given below,
where N = ln a.
In terms of the dimensionless variables the effective and field's equation of states are given by
One interesting thing to notice here is that the dynamical system and the equation of states are independent of the form of B(φ). In other words, the background cosmological dynamics is independent of the form of B(φ).
Pts In Table I , we have listed all fixed points of our model. Among these points we can see that the first three points correspond to standard cosmology with P R being radiation era, P M the matter era and P dS the dS universe. They all belong to the same subspace y = α 1/3 which corresponds toφ =constant. We also notice that we could impose ǫ = −1.
To these three critical points, we have an additional critical line P L corresponding to φMDE, which is an era dominated by the scalar field but behaving like a matter dominated era. It is standard in various theories with non-minimally coupled scalar field or f (R) theory [19] .
And finally, the special case ǫ = +1 gives rise to an additional non-trivial dS point. In fact, P dS could be reached with a trivial scalar fieldφ constant from radiation era, therefore a ΛCDM model. In order to have a non-trivial dynamics, we need to reach the point P S which means that y would change from the radiation era. Therefore, if one look to some new physics, it is wise to choose ǫ = +1. We see from Fig. 1 , the very interesting phase space of this system.We have reduced the system to Ω r = 0 which corresponds to late universe. Also we have represented the phase space in the Poincaré coordinates (X, Y )
which permits to have access to the full phase space by compactifying the variables over a sphere. This system is reduced to Y > 0 because of the definition of this variable and X > 0. The case X < 0 being similar. We have two de Sitter points belonging to invariant submanifolds represented in green dashed line. It is interesting to notice that each one defines an invariant subspace separated by the blue line representing an other invariant submanifold. Therefore we have 2 separated subspaces with each one an attractor point. The matter point belongs to the upper subspace and therefore we have a trajectory P M → P dS corresponding to a trivial cosmology (φ constant). The interesting attractor would be P S for which φ(t) would have a non-trivial evolution during the expansion of the universe. Unfortunately, this point is decoupled from P M and hence we could not have a standard evolution of matter era followed by de Sitter universe. But as we have noticed previously, the model has a critical line for X = 0 which represents a φMDE, therefore we could have a φMDE followed by P S . This would be compatible if we start from a critical point close to P M and therefore reduce the presence of the scalar field during the matter era. That would be viable if α is sufficiently small.
Notice finally that if σ = α, the two de Sitter points merge into one critical point as seen in Fig. 2 In Fig. 3 we have shown the evolution history of the universe in terms of the fractional energy density Ω. Same is shown in the Fig. 4 in terms of energy density ρ and equation of state w. The figures show that the viable cosmological evolution of the cosmological parameters can be achieved in the scenario under consideration. 
IV. TENSOR PERTURBATIONS
In this section, we will study the tensor perturbations of this model. Considering the previous background, we decompose the metric in the ADM form
Following the standard process [20] , the metric is expanded around the FLRW metric by considering
With these definitions, the action is expanded to the second order and the quadratic action is found to be
and squared sound speed is given by
These formulas are consistent with what was previously found in [21] . Notice that c 2 T = 1 for y = α 1/3 which corresponds to an invariant submanifold. Therefore during the evolution either c T > 1 or c T < 1 but can't cross the line c T = 1.
The detection of the binary neutron star merger GW170817 and its associated electromagnetic counterparts have put very strong constraints on c T [22, 23] .
Considering that our model converges to P dS , we would have y ≃ α 1/3 today, which gives c T ≃ 1. But if we consider the model to converge to P S , we would have y ≃ √ σ/α 1/6 today and therefore
We will have c T ≃ 1 if we consider α ≃ σ and therefore if P S = P dS . We see therefore from this analysis that the second attractor (P S ) is excluded except if extreme finetuning of the parameters. We can conclude that only the standard cosmology P R → P M → P dS is consistent with latest constraints from gravitational wave experiment.
where β = β(φ), γ = γ(φ) defined the same way as above and ′ denotes the derivative w.r.t φ andḠ 4 = 1 − Bφ 2 .
A. dynamical system
To understand the behavior of the above system we define some additional dimensionless variables(x and y are as defined above, γ = βσ and γ
Using dimensionless variables we obtain
Using these variables we get the constraint equation
We have the evolution equations for the the dynamical variables as
with A 
B. Numerical analysis
To study the cosmological late time behavior of our present system, we further consider Ω r = 0, as we are concerned with late time only and choose a specific form for the coefficient β as
with β M is some constant with dimension of M 2 Pl and λ is a dimensionless constant. These further simply the system by making κ φ = λ and keep only three relevant dynamical equations(68, 69 and 70). Here we only focus on whether the scalar dof gives an accelerated expansion and leave a more systematic analysis of all critical points for future project. The numerical results shows that scalar field, φ indeed gives a suitable dark energy behavior. It is very clear from Fig.5 that the scalar field starts out from a kinetic regime and then enters the accelerated phase, So we can conclude that it has needed shows a viable dark energy behavior.
Thus we can say that φ dependent β case ( set up for implementation of chameleon mechanism) do not spoil the dark energy behavior, although it significantly alter its nature.
VI. CONCLUSION
In this paper, we studied a specific limit of bi-gravity where we have focused on one additional scalar degree of freedom. We have shown that the framework, in this case, reduces to DBI class of theories where the mass term of the graviton splits into two parts, one behaving like a cosmological constant whereas the other looks like √ 1 − 2BX. Considering this new model, we have studied the background evolution using the dynamical system approach. We have demonstrated the existence of two attractors with two basins of attraction separated by an invariant submanifold. One of the regions is relevant to standard cosmology where the acceleration is provided by the effective cosmological constant generated by the mass of the graviton. The second attractor P S is associated with a new dynamics where the scalar field evolves in time such that P S can not be reached starting from radiation era thereby no viable cosmology in this case. Finally, we have studied the scalar tensor perturbations in the model under consideration and showed that if the first attractor is consistent with observations at late time, the second attractor is generally disfavored because the speed of propagation of gravitational waves deviates too much from current constraints, the requirement of C T to be extremely close to one give rise to large fine tuning in α. As for the first attractor, P R → P M → P dS , dynamics is consistent with latest constraints from gravitational wave experiment. Thus we conclude that focusing only on one degree of freedom provided by the second sector of gravity, it is difficult to accommodate all current constraints without invoking large fine-tuning. It is also clear that that this model exhibits a proper dark energy behavior even after its modification to consider environment dependency.
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